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Abstrat
Very reently, it was shown by Ghosh, Kar, Roy and Sen (Entanglement vs. Nonommutativity
in Teleportation, quant-ph/0010012) that if it is a priori known that the state to be teleported
is from a ommuting set of qubits, a separable hannel is suient. We show that 1 ebit of
entanglement is a neessary resoure to teleport a qubit even when it is known to be one of
two nonommuting states.
Quantum teleportation is a proess by whih an exat replia of an unknown qubit surfaes,
without being physially transported, at a possibly distant loation while all information about
the qubit vanishes at its original loation. The last phrase is a neessity by virtue of the no-loning
theorem[1℄.
A protool realising this was proposed by Bennett et al.(BBCJPW)[2℄ whih required a maximally
entangled hannel between the sender say, Alie and the reeiver say, Bob. It has been shown in
refs.[3, 4℄, that teleportation of an unknown d-dimensional state (not neessarily a qubit) requires
maximal entanglement in d⊗ d between the sender and the reeiver (See also [5℄). Heneforth we
onsider only qubits.
But what if some a priori information is available about the qubit whih is to be teleported? Would
it then be possible to teleport that qubit through a non-maximally entangled hannel? Ghosh et
al.[5℄ have shown that even to teleport any set of two nonommuting qubits, entanglement of the
hannel is neessary. Here we show that if the state to be teleported is known to be one of two
nonommuting qubits, the hannel must be maximally entangled in 2 ⊗ 2, i.e., the sender and
reeiver must share 1 ebit. In ref.[5℄ it was shown that a separable hannel is suient to teleport
qubits (generalized to qudits in ref. [6℄) whih are a priori known to be ommuting.
First of all we show that even if the qubit to be teleported is known to be one of two non-orthogonal
pure qubits, the hannel must be maximally entangled in 2⊗ 2. Suppose that a soure delivers a
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partile (all it partile 1) in the state |χ1〉 or |χ2〉 to Alie, where |χ1〉 and |χ2〉 are arbitrary but
xed non-orthogonal qubits. Alie has the task of teleporting the delivered qubit to a possibly
distant party Bob, by using only loal operations and lassial ommuniation and any shared
state ρAB2ch as hannel. Here A is with Alie whereas B and 2 are with Bob, 2 being the partile
at whih the teleported state is to surfae.
Whatever loal protool Alie and Bob adheres to, it an be represented as
(|χj〉 〈χj |)
1 ⊗ ρAB2ch →
∑
i
Ai ⊗Bi(|χj〉 〈χj |)
1 ⊗ ρAB2ch A
†
i ⊗B
†
i (j = 1, 2) (1)
where
∑
i(A
†
i ⊗ B
†
i )(Ai ⊗ Bi) = I, Ai's being operators on the Hilbert spae of Alie's partiles
and Bi's on Bob's.
Now ρAB2ch may be thought of as traed out from some pure state |Ψ〉
AB2M
where M is an anilla
[7℄. So now the protool may be written as
P
[
|χj〉
1 ⊗ |Ψ〉AB2M
]
→
∑
i
Ai ⊗Bi ⊗ I
MP
[
|χj〉
1 ⊗ |Ψ〉AB2M
]
A
†
i ⊗B
†
i ⊗ I
M
(2)
where IM is the identity operator on the Hilbert spae of the anilla M. Now for any suh protool,
there always exists a unitary operator U on the ombined Hilbert spae of 1, A, B, 2, M and the
environment E whih exeutes the transformation
|χj〉
1
⊗ |Ψ〉
AB2M
⊗ |0〉
E
→
∑
i
(
Ai ⊗Bi ⊗ I
M |χj〉
1
⊗ |Ψ〉
AB2M
)
⊗ |i〉
E
(3)
so that traing over the environment, we reover the transformation (2) [8℄. |0〉 is a standard state
and the |i〉's are mutually orthonormal states of the environment.
Sine |χ1〉 and |χ2〉 are non-orthogonal and as the teleported state whih is to surfae at partile
2 is pure, we must have
U |χ1〉
1
⊗ |Ψ〉
AB2M
⊗ |0〉
E
= |χ1〉
2
⊗ |Ψ′〉
1ABME
U |χ2〉
1
⊗ |Ψ〉
AB2M
⊗ |0〉
E
= |χ2〉
2
⊗ |Ψ′〉
1ABME
for some state |Ψ′〉.
Now if
|χ〉 = a1 |χ1〉+ a2 |χ2〉
where a1 and a2 are arbitrary omlex numbers satisfying 〈χ |χ〉 = 1, then
U |χ〉
1
⊗ |Ψ〉
AB2M
⊗ |0〉
E
= |χ〉
2
⊗ |Ψ′〉
1ABME
(4)
so that |χ〉 is also teleported by the same protool and hannel whih teleports |χ1〉 and |χ2〉. But
|χ〉 is an arbitrary qubit. And teleporting an arbitrary pure qubit requires maximal entanglement
as was disussed in ref.[5℄, using a result of ref.[3℄. Thus if the state to be teleported is one of two
known non-orthogonal pure qubits, the hannel must be maximally entangled in 2⊗ 2.
Next onsider the ase when Alie has the task to teleport a state whih is known to be one of
the two nonommuting qubits ρ1 and ρ2. As before, any loal protool whih Alie and Bob may
hoose an be represented as
ρ1j ⊗ ρ
AB2
ch →
∑
i
Ai ⊗Biρ
1
j ⊗ ρ
AB2
ch A
†
i ⊗B
†
i (j = 1, 2) (5)
where
∑
i(A
†
i ⊗ B
†
i )(Ai ⊗ Bi) = I, Ai's being operators on the Hilbert spae of Alie's partiles
and Bi's on Bob's.
2
Now if ρ1 and ρ2 are to be teleported by this protool, we must have
Tr1AB
(∑
i
Ai ⊗Biρ
1
j ⊗ ρ
AB2
ch A
†
i ⊗B
†
i
)
= ρ2j (j = 1, 2) (6)
Sine ρ1 and ρ2 are nonommuting qubits, there (uniquely) exist two non-orthogonal pure states
|ψ〉 and |φ〉 suh that
ρj = λj |ψ〉 〈ψ|+ (1− λj) |φ〉 〈φ| (j = 1, 2) (7)
where 0 ≤ λj ≤ 1 and λ1 6= λ2. We all these (i.e., |ψ〉 and |φ〉) the extreme states orresponding
to ρ1 and ρ2.[9℄ Therefore
λjTr1AB
(∑
i
Ai ⊗Bi(|ψ〉 〈ψ|)
1 ⊗ ρAB2ch A
†
i ⊗B
†
i
)
+(1− λj)Tr1AB
(∑
i
Ai ⊗Bi(|φ〉 〈φ|)
1 ⊗ ρAB2ch A
†
i ⊗B
†
i
)
= λj(|ψ〉 〈ψ|)
2 + (1− λj)(|φ〉 〈φ|)
2
whih may be rewritten as
λj [Tr1AB
(∑
i
Ai ⊗Bi(|ψ〉 〈ψ|)
1 ⊗ ρAB2ch A
†
i ⊗B
†
i
)
− (|ψ〉 〈ψ|)2
−Tr1AB
(∑
i
Ai ⊗Bi(|φ〉 〈φ|)
1 ⊗ ρAB2ch A
†
i ⊗B
†
i
)
+ (|φ〉 〈φ|)2]
+[Tr1AB
(∑
i
Ai ⊗Bi(|φ〉 〈φ|)
1 ⊗ ρAB2ch A
†
i ⊗B
†
i
)
− (|φ〉 〈φ|)2] = 0
Sine λ1 6= λ2, we must have
Tr1AB
(∑
i
Ai ⊗Bi(|ψ〉 〈ψ|)
1 ⊗ ρAB2ch A
†
i ⊗B
†
i
)
= (|ψ〉 〈ψ|)2
and
Tr1AB
(∑
i
Ai ⊗Bi(|φ〉 〈φ|)
1 ⊗ ρAB2ch A
†
i ⊗B
†
i
)
= (|φ〉 〈φ|)2
Thus if we assume that two nonommuting qubits are teleported by some protool and through
some hannel ρch, then the orresponding extreme non-orthogonal pure qubits are also teleported
by the same protool and through the same hannel.
But we have already proved that to teleport non-orthogonal pure qubits, a maximally entangled
hannel is neessary. Thus a maximally entangled hannel in 2⊗2 is neessary even if the teleported
state is known to be one of two nonommuting qubits.
In ref.[5℄ it was shown that if Alie has the task of teleporting (to Bob) a qubit (generalized to
higher dimensions in ref.[6℄) whih is a priori known to belong to a ommuting set, then a ertain
lassially orrelated hannel (between Alie and Bob) is suient. It was further shown that if
Alie has to teleport a qubit known to be one of two arbitrary but xed nonommuting qubits,
then the hannel between Alie and Bob must be entangled. We show here that in the latter ase,
the amount of entanglement must be 1 ebit.
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